A continuum crowd flow model is reformulated in the Lagrangian coordinate system. The system has proven to give computational advantages over the traditional Eulerian coordinate system for (one-dimensional) road traffic flow. Our extension of the model and simulation method to (two-dimensional) crowd flow paves the way to explore whether the advantages also hold in two dimensions. This paper provides a first exploration and shows that a model and simulation method for two-dimensional crowd flow can be developed in the Lagrangian coordinate system and that is leads to promising results.
Objective
Crowd flow models are used to describe, understand and predict collective behaviour of crowds. Roughly, two types of models exist: microscopic models in which the movements of individual pedestrians are described and traced and macroscopic (or continuum) models which are the focus of this study. Continuum models describe the dynamics of crowds as a continuum flow, in terms of average speed, velocity and density [Hughes, 2002] . It has been shown that, in contrast to previous claims, continuum models can reproduce self-organisation and certain important dynamic phenomena such as lane formation and diagonal striping [Hoogendoorn et al., 2014] . Furthermore, simulations based on continuum models have the potential to significantly reduce computation time whilst keeping high accuracy. This makes them useful for a larger range of applications, including real time state estimation and prediction for crowd management and optimisation of control strategies. For this, the solutions to the model equations need to be calculated using both fast and accurate computational methods.
The Lagrangian coordinate system has been applied to traffic flow models [Leclercq et al., 2007] . Van Wageningen-Kessels et al. [2010] , Yuan et al. [2012] show that the system has many advantages over the traditional Eulerian coordinate system, including more accurate reproduction of shock waves and more efficient state estimation based on trajectory data.
Our main contribution is the proposal of an extension of Lagrangian simulation methods previously applied for one-dimensional traffic flow models to two-dimensional crowd flow models. We introduce the reformulation of the two-dimensional continuum crowd flow model into Lagrangian coordinates (Section 2), develop a numerical simulation method (Section 3) and show that it leads to meaningful simulation results (Section 4). Open questions and future research directions are discussed in Section 5. 
Lagrangian formulation of crowd flow model
The main idea of the Lagrangian (or moving) coordinate system is that the location ⃗ x = x y of the n-th particle (i.e. a vehicle or a pedestrian) is calculated at time t:
This is in contrast to the Eulerian (fixed) coordinate system where the density at location ⃗ x and time t is calculated:
In Eulerian coordinates, the two-dimensional conservation equation is well-known:
with ρ the density, and q x and q y the flow in x-and y-direction, respectively. To derive this equation, Green's theorem can be applied.
Model in Lagrangian coordinates
To derive the Lagrangian equivalent of the one-dimensional conservation equation in Eulerian coordinates, Green's theorem can be applied. However, for the twodimensional case, this theorem can not be used to derive the conservation equation in the Lagrangian coordinate system. The main reason for this is that pedestrians can not be numbered consistently as they walk in a two-dimensional space. For example, they can overtake each other in an unpredictable way. However, we can still derive a discretised version of the two-dimensional conservation equation in Lagrangian coordinates. It is based on its one-dimensional counterpart for road traffic [Leclercq et al., 2007] . Therefore, we first consider the movement of one pedestrian j, which is at location ⃗ x j (t 0 ) at time t = t 0 and moves with velocity ⃗ v j (⃗ x, t), see Figure 1 (a). At time t = t 1 > t 0 its location will be:
Secondly, we apply the continuum hypothesis (i.e. we do not consider individual pedestrians, but assume they are represented by a density ρ(⃗ x, t) at each location ⃗ x and time t). Now we consider an region i with N i (t) = ∫ ⃗ x∈Ωi(t) ρ(⃗ x, t) d⃗ x pedestrians in it. The area of this region equals:
with Γ the boundary of the region. In the Lagrangian coordinate system, the region moves with the pedestrians, and thus the number of pedestrians does not change (N (t 1 ) = N (t 0 )). However, the region and its boundary move if speed is nonzero (Γ i (t 1 ) ≠ Γ i (t 0 )). Using both (4) and (5), we can compute the area A(t 1 ) at time t = t 1 > t 0 , see also Figure 1(b):
The above concept of change in area occupied by a group of pedestrians according to the velocity of the pedestrians at the boundary, forms the basis of the numerical computation method, as outlined in Section 3.
Velocity: speed and route choice
To complete the model, we also need to describe the velocity ⃗ v(⃗ x, t). We propose a simple velocity model, which may be applied either in Lagrangian or in Eulerian coordinates. The velocity is calculated using a simplified version of the approach described by Hoogendoorn et al. [2014 Hoogendoorn et al. [ , 2015 :
with V (ρ) the fundamental relation, ⃗ e stat the static route choice component, ⃗ e dyn the dynamic (local, state dependent) route choice component and β dyn its weight (a model parameter). We chose simple models for speed and route choice to illustrate the numerical method, without too much focus on the continuous model. Other, more realistic models for speed and route choice can be implemented as well.
Speed
The speed only depends on density, following a linear fundamental relation:
with v free the free flow speed and ρ jam the jam density.
Route choice: static and dynamic
The static route choice component ⃗ e stat depends on the layout of the facility and possibly other factors. It can, for example reflect the shortest route to the destination. In the simulations (Section 4) we apply three different static route choices, which are described in more detail there.
For the dynamic route choice we apply a simple model for pedestrians avoiding high density regions:
The dynamic route choice component steers pedestrians in the direction with the steepest negative density gradient.
Simulation approach
The main idea of the simulation approach using the Lagrangian coordinate system is that a moving grid is applied. In particular, the grid moves with the same velocity as the pedestrians. In the following we discuss how the grid is constructed, how the velocity of its vertices is computed and how the grid is moved each time step ∆t. Furthermore, we discuss when and how the grid is reconstructed.
A staggered triangular grid. Density ρ ▵ is calculated at the cell centres, velocity ⃗ v ○ is calculated at the vertices.
The grid
We assume triangular grid cells, but the methods can be extended to other polygonshaped grid cells. The grid is staggered, meaning that some variables are calculated at the cell centres, others at the vertices, see Figure 2 . We do not consider any variables calculated at the edges. The cell centres are defined as the centre of mass of the cells.
Variables calculated at the cell centres are indicated with a subscripted triangle (▵).
Variables calculated at the vertex are indicated with a subscripted circle (○). The main variable to be calculated at the cells centres is density (ρ ▵ ). The main variable to be calculated at the vertices is velocity (⃗ v ○ ).
Velocity of grid cell vertices
We know the location of the grid cells and their vertices and the number of pedestrians within each cell from the previous time step. From this we approximate the velocity of the grid vertices, as outlined below.
Density in grid cells
Each time step, the average density in the grid cell is calculated:
and serves as an approximation of the density at the grid cell centre. N ▵ is the number of pedestrians in the grid cell (remains constant over time). A ▵ is the area of the grid cell (may change each time step), see also Figure 3 (a). In general it is computed as in (5), but because the grid cell is triangular we can use:
with the locations of the vertices {j 1 , j 2 , j 3 } ∈ J of the triangle:
Speed at vertices
To obtain the speeds from the fundamental relation, the densities at the vertices are approximated as a weighted average of the densities of the surrounding cells: Examples of vertex and cell numbering. This is used to compute the area, density and centre of a cell (a) and to compute the density and density gradient at a vertex (b). In the example in (b), density ρ 1 in cell i = 1 will get a low weight α 1 because its centre is far from the vertex for which we calculate density ρ ○ and density gradient ∇ρ ○ . Density ρ 4 in cell i = 4 will get a high weight α 4 because its centre is close to the vertex.
with i ∈ I the indices of all surrounding cells. The weights α i are proportional to the proximity of the cell centre to the vertex (see also Figure 3 (b)):
with ⃗ x ○ the location of the vertex. The cell centres ⃗ x ▵,i are calculated as the centre of mass of the cells:
with j ∈ J i the indices of the vertices of cell i. Subsequently, the speed of the vertices are approximated using the fundamental relation v ○ = V (ρ ○ ), see equation (8).
Route choice at vertices
For the dynamic route choice component we need the density gradient at the vertices. They are approximated as the weighted average of the gradients over each of the lines between the vertex and the centres of the surrounding cells (see also Figure 3 (b)):
We use ⃗ e dyn,○ = −∇ρ ○ (see equation (9)) to calculate the dynamic route choice component.
The static route choice component ⃗ e stat is supposed to be given at any location and time.
Velocity of vertices
We can now approximate the velocity of the vertex (see equation (7)): 
Moving of grid cells
Once the velocity of the vertices is known, they can be moved. Therefore, we assume that the velocity remains as computed in (17) during the time step. In every time step, the vertices are moved as follows:
This is illustrated in Figure 4 . We assume that the velocity of the edges is a linear interpolation of the velocities of the neighbouring vertices. Therefore, edges remain straight and the cell remains in the shape of a triangle.
Remeshing of grid
The velocities of the vertices of an individual grid cell, will usually have different velocities. Therefore, the grid cell will change its shape. If this deforms the grid cells 'too much' it may be necessary to remesh.
Conditions for remeshing
If either of the following holds, a new mesh is formed: 1. the density in at least one of the grid cells exceeds jam density, 2. in at least one of the grid cells the order of the vertices has changed: e.g. if vertices were first numbered in counter clockwise direction, they are now numbered in clockwise direction or vice versa, 3. the area of the triangle has become so small that
with A i,new the new area of cell i, A i,init its initial area and 0 < α < 1 a remeshing parameter. In the second case, a change of ordering indicates that a triangular grid cell has 'flipped'. In the third case, a small fraction indicates that the grid cell has become too 'stretched'. It may not be necessary for stability of the numerical method in this case, but we expect that it will improve accuracy.
Remeshing procedure
In the remeshing process a new mesh is formed and the pedestrians in the old grid cells, are assigned to new grid cells in such a way that the density at each location ⃗ x remains (approximately) the same and the total number of pedestrians in the computational domain does not change (conservation of pedestrians). In our approach, the mesh after remeshing is the same as the initial mesh at the beginning of the simulation. This is a regular mesh consisting of equilateral triangles of the same size, just as in Figure 2 . Figure 5 shows an example of the remeshing procedure. For the remeshing, density in the j-th triangle of the new mesh ρ remeshed j is calculated as follows:
with A i the area of the i-th triangle of the old mesh, N i the number of pedestrians in that triangle and A * i the area of the intersection between the i-th triangle of the old mesh and the j-th triangle in the new mesh.
Simulation and results
We perform simulations with the newly developed method. We consider three test cases for which only the static route choice and the initial density are different. All other settings are equal for all test cases. We study the plausibility of the results and identify directions for improvements.
Test set up
We use a computational domain that is big enough to neglect the influence of the boundaries. The initial mesh consists of equilateral triangles. The parameters of the model and simulation are given in Table 1 . We chose the test cases such that we have a variety of situations, with high and low densities, increasing and decreasing over time and with changes in walking direction of the pedestrians.
Case 1 ('straight')
In test case 1 ('straight') the static route choice directs the pedestrians from left to right, as shown in Figure 6 (a). It is described by:
As a result, streamlines are described by
with y 0 = y(0) the intersection of the streamline with the y-axis. Initially, the pedestrians are located in a group centred at (X 0 , Y 0 ), see Figure 7 . The density is high at the centre of the group, and decreases linearly with distance to the centre, until it reaches zero at distance R 0 :
with r = (x − X 0 ) 2 + (y − Y 0 ) 2 the distance to the centre of the group. Parameter values are given in Table 1 .
Case 2 ('zig-zag')
In test case 2 ('zig-zag') the static route choice directs the pedestrians on a zig-zag path, as shown in Figure 6 (b). It is described by:
with a and b route choice parameters, with values as in Table 1 . As a result, streamlines are described by
with y 0 = y(0) the intersection of the streamline with the y-axis. Initially, the pedestrians are located just as in test case 1, see (23) and Figure 7 .
Case 3 ('spiral')
In test case 3 ('spiral') the static route choice directs the pedestrians in a spiral-shape towards the centre of the spiral (x c , y c ), as shown in Figure 6 (c). It is described by:
withx = x − x c the distance to the centre of the spiral in x-direction,ỹ = y − y c the distance to the centre of the spiral in y-direction and r = x 2 +ỹ 2 the absolute distance to the centre of the spiral. b is a parameter indicating the strength of the attraction of the centre, with value as in Table 1 . As a result, streamlines are as follows, see also Figure 6 (c). Consider a pedestrian originating at (x 0 , y 0 ). Its original distance from the centre of the spiral isr 0 = (x 0 − x c ) 2 + (y 0 − y c ) 2 . The angle θ(x, y) is defined as the angle of the line through the centre (x c , y c ) and the position of the pedestrian (x, y) with the line parallel to the x-axis and through the centre (x c , y c ). When the pedestrian walks, the angle θ increases and its distance to the centre r decreases as follows:
with θ 0 = θ(x 0 , y 0 ) the angle at the original position of the pedestrian. For the simulation, initially, the pedestrians are located in a group centred at (X 0 , Y 0 ), just as in the other 2 test cases, see Figure 7 . However, in this case, the density is constant over the region with radius R 0 :
with r = (x − X 0 ) 2 + (y − Y 0 ) 2 the distance to the centre of the group. Parameter values are given in Table 1 . 
Simulation results
Figures 8, 9 and 10 show the simulation test results. It shows that the pedestrians are directed by the static route choice, while also being repelled by other pedestrians. The results look plausible, but will be analysed more in-depth in future studies.
Conclusion and future work
We have introduced a numerical method for crowd flow simulation in two dimensions, based on the Lagrangian coordinate system. We have shown that the results are plausible. In the development of the method, we made some choices which could be debated. In future research, we plan to look into the choices and alternatives in more detail. For example, we consider using grid cells shaped as general polygons, not necessarily triangles and we will consider alternative remeshing procedures, including local remeshing. We will study both the accuracy and the computation time of the newly developed methods in more depth. Furthermore, we will compare the results with those of alternative computational methods, such as those based on the Eulerian coordinate system. Future extensions of the method include the introduction of boundary conditions and multiple groups that have different walking or route choice characteristics. 
